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Eight times four bialgebras of hypergraphs
cointeractions, and chromatic polynomials

yg/Kurusch Ebrahimi-Fard NTNU
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Hypergraphs

o E and V finite sets.
o P(V) power set of V (all subsets of V).
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Hypergraphs

o E and V finite sets.
o P(V) power set of V (all subsets of V).

A hypergraph is a map:

h:E— P(V).

E : edges, V: vertices
h(e): vertices of edge e.
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Hypergraphs

o E and V finite sets.
o P(V) power set of V (all subsets of V).

A hypergraph is a map:

h:E— P(V).

E : edges, V: vertices
h(e): vertices of edge e.

No restrictions
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Chromatic polynomial

We make a machine spitting out a polynomial

o No edge, one vertex:

h:e, xe(x)=x.



Preview First two bialgebras Cointeractions Polynomials Duals Complements DC BiAlg Restrict Descend BiAlg
0000 000000 0000 00000000000 000 000000 0000000

Chromatic polynomial

We make a machine spitting out a polynomial
o No edge, one vertex:
h:e, xe(x)=x.

o One edge, one vertex:

h:i \ Xi (x). st
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Double bialgebras

@ Double bialgebra (B, u, A, §) (notion L. Foissy 2022):
o Commutative multiplication u,
o Two coproducts A, d which cointeract,
o L.Foissy 2022: Get unique map B — Q[x],
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Double bialgebras

@ Double bialgebra (B, u, A, §) (notion L. Foissy 2022):

o Commutative multiplication ,
o Two coproducts A, d which cointeract,
o L.Foissy 2022: Get unique map B — Q[x],

@ Isomorphism classes of hypergraphs: Basis of vector space H
over Q,

o Eight double bialgebra structures on H,
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Double bialgebras

@ Double bialgebra (B, u, A, §) (notion L. Foissy 2022):

o Commutative multiplication ,
o Two coproducts A, d which cointeract,
o L.Foissy 2022: Get unique map B — Q[x],

@ Isomorphism classes of hypergraphs: Basis of vector space H
over Q,

o Eight double bialgebra structures on H,
@ Hypergraph h ~ eight polynomials
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Quartets of bialgebras

@ We produce eight quartets of bialgebras.

e Five are genuinely distinct. (The other three arise as from the
opposite coproduct A°P when A is not cocommutative.)

@ Four of these five quartets, give eight double bialgebras.
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Coproducts for hypergraphs
For U C V, the restriction

Ey={e€E|eC U}
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Coproducts for hypergraphs
For U C V, the restriction
Ey={e€E|eC U}

Coproduct A:

(E.V) B Y (Eu, U) ® (Ee, US).
Ucv
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Coproducts for hypergraphs
For U C V, the restriction
Ey={e€E|eC U}

Coproduct A:

(EV)E S (Bu, U) ® (Ee, U°).
ucv

f\o bé> /'\.®1+2f®.+..®.+2.®f+.®..+1®/\.
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Coproducts for hypergraphs
For U C V, the restriction
Ey={e€E|eC U}

Coproduct A:

(EV)E S (Bu, U) ® (Ee, U°).
ucv

f\o bé> /'\.®1+2f®.+..®.+2.®f+.®..+1®/\.

Counit e sends (E, () — 1, otherwise to 0.



Preview First two bialgebras Cointeractions Polynomials Duals Complements DC BiAlg Restrict Descend BiAlg
0000 000000 0000 00000000000 000 000000 0000000

Bialgebras

Product p:

(E,V,h)-(E,V H)=(E®E,VoV hoh),
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Bialgebras

Product p:

(E,V,h)-(E V', H)=(E®E V&V hoH),

H vector space with basis (iso-classes of ) hypergraphs.
o Bialgebra (H, 1, A, 1, €) graded by |V/,
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Contraction

o Hypergraph F B P(V).
o Consider surjections V— W such that:
o Each edge f € F maps to a single point in W.
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Contraction

Hypergraph F B P(V).
Consider surjections V— W such that:
Each edge f € F maps to a single point in W.

V//F: Largest possible W. The connected components of the
hypergraph f.
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Extraction/contraction coproduct

E* C E edges whose vertex set is non-empty.

(E,V)2 ST (F, V)@ (F, V/F),
FCE*

where complement F¢ = E\F.
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Extraction/contraction coproduct

E* C E edges whose vertex set is non-empty.

(E,V)2 ST (F, V)@ (F, V/F),
FCE*

where complement F¢ = E\F.

(e {1, h=(0,V)

Counit;

0, otherwise
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Examples extraction/contraction

oo evd ot2l et eme
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Examples extraction/contraction

oo evd ot2l et eme

V QLAY Sy W
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Examples extraction/contraction

oo evd ot2l et eme
V QLAY Sy W

Al eclidhnliBse
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Two bialgebras

° (HaMaA»%EA)
(This is even a Hopf algebra.)
© (H /1’76 n, 65)
Note: n(1) = (0,0).
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Cointeracting bialgebras

Bialgebras:
o H = (Ha/'L’HaAHaT]'HveH)
o B=(B,us,AB,n5,€8)
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Cointeracting bialgebras

Bialgebras:
o H = (H, M%AH,U%GH)
o B=(B,us,AB,n5,€8)

H is a comodule bialgebra over B:
1. H is left comodule over B: H 3 B® H,

2. Ay and ey are morphism of left comodules,

3. ® is a unital algebra morphism.
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Double bialgebras, L.Foissy 2022

Special case of cointeracting bialgebras

B, u,n) algebra: u: B® B — B, -k — B,
1) alg 2 n
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Double bialgebras, L.Foissy 2022

Special case of cointeracting bialgebras
(B, p,m) algebra: p: BB — B, n:k— B,

o (B,u,n,Aep) bialgebra,
o (B, u,n,0,¢€s5) bialgebra,
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Double bialgebras, L.Foissy 2022

Special case of cointeracting bialgebras
(B, p,m) algebra: p: BB — B, n:k— B,

o (B, u,n, A ep) bialgebra,
o (B, u,n,0,¢€s5) bialgebra,
e (B, u,A) is comodule bialgebra over (B, p,d) with ® = 4.
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Double bialgebras, L.Foissy 2022

Special case of cointeracting bialgebras
(B, p,m) algebra: p: BB — B, n:k— B,
o (B, u,n, A ep) bialgebra,
o (B, u,n,0,¢€s5) bialgebra,
e (B, u,A) is comodule bialgebra over (B, p,d) with ® = 4.

Axiom to be checked:

B 4 B® B

"
B® B BRB®B

i5®6 TH®1®1

BRBRB®B-2-BB®B®B

commutes
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Double bialgebra

Example

Polynomial ring Q[x] with:
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Double bialgebra

Example

Polynomial ring Q[x] with:

ox£>X®1+1®X,

)
@ X — X X.
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Double bialgebra

Example

Polynomial ring Q[x] with:

ox£>x®1+1®x,

)
@ X — X X.

Qx| ®Q[x] = Q[x,y], x®1l—=x, 1®x—y
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Double bialgebra

Example

Polynomial ring Q[x] with:

ox£>x®1+1®x,

)
@ X — X X.

Qx| ®Q[x] = Q[x,y], x®1l—=x, 1®x—y

ox£>x+y,

6
@ X — Xy.
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Double bialgebras

Hypergraphs without empty edges ~~ H° C H.
e (H,pu,A) becomes a comodule bialgebra over (H°, 1, 0)
o (H°, u,A,d) is a double bialgebra
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Double bialgebras and polynomials
L.Foissy 2022

e (B,u,A,0d) is a double bialgebra.

If (B, u, A) is a Hopf algebra, there is a unique double bialgebra
morphism:

X : (B, A, 0) = (Q[x], A, d).
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Graph bialgebras

D double bialgebra of graphs (Schmitt 1994)
~> unique x : D — Q[x].
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Graph bialgebras

D double bialgebra of graphs (Schmitt 1994)
~> unique x : D — Q[x].

Theorem (Foissy 2021)
X¢(x) = chromatic polynomial of G.
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Graph bialgebras

D double bialgebra of graphs (Schmitt 1994)
~> unique x : D — Q[x].

Theorem (Foissy 2021)
X¢(x) = chromatic polynomial of G.
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Examples

(H®, u, A, ) double bialgebra of hypergraphs ~~ unique
¢ : H° — Q[x].
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Examples

(H°, p, A, 9) double bialgebra of hypergraphs ~~ unique

¢ : H° — Q[x].




¢ respects A

One edge with three vertices

H"J_, Qm b P
4
A L lA 1 A \
pl+y)
How —— Gma *9 (C7SEE I

@ .
( —— 4 p¢3)+5xg
f}xlj -« p[X)

theo@e ¢ /N

Ec_}m%w; pwg) = pUy)+P(x)+3ij’>x‘7

Pul= X eax



¢ respects 0

One edge with three vertices

Hbﬁ_i__ (N X A l———“gd—'—“ poy

T

i ¢ ¥
HoH ——— Gk . ) I
o Ut Yo - —— f ) prly

E%w(im PUey)= Xpy) < pra 9

1\/L

pul = o (£-x)
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Chromatic polynomial: one edge with three vertices

BRI ox — b(x® — x).
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More examples

@ V has n vertices
e h=(0,V), no edges: yu(x) = x"
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More examples

o V has n vertices

e h=(0,V), no edges: yu(x) = x"

e h = (e, V) single edge with all n vertices: yp(x) = x" — x
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Hypergraph chromatic polynomial
History

@ xn(k) counts colorings with k vertices such that no edge is
monochromatic.

@ Chromatic number for hypergraphs: Erdés, Hanal, 1966
@ Chromatic polynomial hypergraphs: Helgasson, 1974
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Chromatic polynomial

We make a machine spitting out a polynomial

o No edge, one vertex:

e,  xn(x)=x
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Chromatic polynomial

We make a machine spitting out a polynomial

o No edge, one vertex:

e,  xn(x)=x

@ One edge, one vertex:

h: i ,  xn(x)=0.



Key idea |
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Dual hypergraph

P(V) identifies as Hom(V/, {0,1})
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Dual hypergraph

P(V) identifies as Hom(V/, {0,1})
Hom(E, P(V)) = Hom(E,Hom(V,{0,1})) = Hom(E x V,{0,1})
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Dual hypergraph

P(V) identifies as Hom(V/, {0,1})
Hom(E, P(V)) = Hom(E,Hom(V,{0,1})) = Hom(E x V,{0,1})
@ Hypergraph identifies as relation between E and V/,

o Get dual hypergraph:

h?: vV — P(E).
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Complementary hypergraph

P(V) =5 P(V)
S— V\S
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Complementary hypergraph

P(V) =5 P(V)
S— V\S

Hypergraph E iy P(V)
~» complementary hypergraph E ol P(V).
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Complementary hypergraph

P(V) =5 P(V)
S— V\S

Hypergraph E iy P(V)
~» complementary hypergraph E ol P(V).
Get four hypergraphs:

CcO d
BEEENE o), v s pE), v N pE).
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Hypergraphs as relations

v v
01 01 1 010
E1 01 1) EO R complement
v v
0 1 180
10 01
dual E 0 1 E S complement dual
el 00




Second coproduct

Use A on dual hypergraph and translate

back

DA
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Second coproduct
Use A on dual hypergraph and translate back

A= (d®d)o(Aod)
o For F C E, the restriction
Vie = {v € V| v only incident to edges in F}.
o FE=E\F
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Second coproduct
Use A on dual hypergraph and translate back

A= (d®d)o(Aod)
o For F C E, the restriction
Vie = {v € V| v only incident to edges in F}.

o FE=E\F
o Coproduct A¢;

(E,V) = > (F,ViP) ® (FC, Vige),
FCE
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Second coproduct
Use A on dual hypergraph and translate back

A= (d®d)o(Aod)
o For F C E, the restriction
Vie = {v € V| v only incident to edges in F}.
o FE=E\F
o Coproduct A¢;

(E,V)— Z(F» Vi) ® (F€, ViF<),
FCE

A5A®1+2/®/+1§§/}
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Dual double bialgebra

o Duality on hypergraphs, gives coproducts A9 and ¢¢

o The dual double bialgebra (HY, u, A?, 69)
~> chromatic hypergraph polynomial XZ(X)
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Dual double bialgebra

o Duality on hypergraphs, gives coproducts A9 and ¢¢

o The dual double bialgebra (HY, u, A?, 69)
~> chromatic hypergraph polynomial XZ(X)

o X¢(x) counts edge colorings of H such that for each vertex v:
edges containing v not all of same color.
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Cointeracting bialgebras

Complementing is involution on hypergraphs
~ coproducts A€ = (¢ ® ¢) o (A o ¢) and similarly §¢
~~ double bialgebra (H¢, 1€, A€, 6°).
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Cointeracting bialgebras

Complementing is involution on hypergraphs
~ coproducts A€ = (¢ ® ¢) o (A o ¢) and similarly §¢
~~ double bialgebra (H¢, 1€, A€, 6°).

Composite involution ¢ o d ~» coproducts A°? and §°¢

~~ double bialgebra (H?, 1€, A9, §<9).

Four double bialgebras on hypergraphs J




Four chromatic polynomials

From H°, HY, HS, H?

DA
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Trees

Trees with three edges: path and star:

Chromatic polynomials of path:
X(X) o~ X(X_1)37 Xd(x) : 07 XC(X) - X(X_1)3’ XCd(X) =0.

Chromatic polynomials of star:

X0 = x(x =1, %) =0, x(x) = 2(x — 1(x — 2),
X“(x) = x(x — 1)(x — 2).



Key idea Il

X e
M adionds 4L PlR) — P(s)
V=" 4

! PR — ) d
e @w‘)) y



Restriction descent bialgebra

For graphs: Aguiar, Ardilla, 2017.

DA
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Restriction descent bialgebra
For graphs: Aguiar, Ardilla, 2017.

(EV)E S (Eu U)® (E, U°).
ucv

18 1084200480,

while the coproduct A:

14 1gdi2emeilal
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Four new bialgebras of hypergraphs

Restriction-descent algebras

(H7/’L7A/)7 (H7l’l” Ald)? (H7/’L7 AIC)? (H7 M? A/Cd)'



Descent-descent bialgebra

DA



Descent-descent bialgebra

DA
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New double bialgebra
L.Foissy 2023

o (H,pu,A") has a cointeracting bialgebra (H, i, ¢"),
o Get double bialgebra (H°, u, A" 6").



Preview First two bialgebras Cointeractions Polynomials Duals Complements DC BiAlg Restrict Descend BiAlg
0000 000000 0000 00000000000 000 000000 000e000

New double bialgebra
L.Foissy 2023

o (H,pu,A") has a cointeracting bialgebra (H, i, ¢"),
o Get double bialgebra (H°, u, A" 6").

What is the polynomial x}(x)?
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The rainbow polynomial

Single edge with three vertices: h = A

Chromatic polynomials

Xa(x) = x* = x, Xh(x) = x(x = 1)(x - 2).
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The rainbow polynomial

Single edge with three vertices: h = A

Chromatic polynomials

Xa(x) = x* = x, Xh(x) = x(x = 1)(x - 2).

@ X (k) counts colorings where every edge is rainbow: all
vertices have different colors,
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The rainbow polynomial

Single edge with three vertices: h = A

Chromatic polynomials

Xa(x) = x* = x, Xh(x) = x(x = 1)(x - 2).

@ X (k) counts colorings where every edge is rainbow: all
vertices have different colors,

@ xn(k) counts colorings where every edge not monochromatic



Rainbow polynomials

ﬂ and o&. have same x”-chromatic polynomial
x(x —1)(x — 2)2.

DA
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Rainbow polynomials

ﬁ and N have same x”-chromatic polynomial
x(x —1)(x — 2)2.
The first gives the quartet:

h:ﬁ, he . A, h‘ﬁlo&7 hed . 1&,

with x”-polynomials:

x(x = 1)(x—2)?, x(x—1)(x—-2), x*(x—1)%, x*(x—1).
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Rainbow polynomials

N and N have same x”-chromatic polynomial
x(x —1)(x — 2)2.
The first gives the quartet:

h:N, he . A

with x”-polynomials:

x(x = 1)(x—2)?, x(x—1)(x—-2), x*(x—1)%, x*(x—1).

he : A&, hed . 1&

)

The second gives the quartet:
g:N7 gd:m, gc:z, ng:m.
with x”-polynomials:
x(x—1)(x=2)2, x(x—1)(x—=2)(x>=5x+7), x(x—1)(x—2)
x(x = 1)(x = 2)(x* = 5x + 7).
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